CO 

o 

CN 

>v 

c3 






CN 
> 

O 
\D 
^t 
t> 

^t 

O 
en 



% 
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The ultimate confirmation of the quantum theory by a loophole-free Bell inequality test is still 
missing. We examine the possibility of a loophole-free CHSH-Bell inequality test with unsymmetrical 
singlet states of light by employing preselection procedure which is performed prior to the test. We 
show an example of preselection scheme which allows to improve violation of this inequality with 
the micro-macro polarization singlet produced by the optimal quantum cloning. The preselection is 
realized by a POVM which is believed not to be useful for this purpose. The test is based on linear 
optical elements and is feasible within the current technology. 



I. INTRODUCTION 

Quantum mechanical laws apply to single particles like 
an electron or an atom, complex molecules involving 
tenths of atoms as well as to living organisms [l(. An 
experiment, conceptually simple and fundamental in its 
importance, the Bell inequalities test @, E|, ultimately 
confirming or rejecting the quantum mechanical descrip- 
tion of the world, has not yet been performed. These 
inequalities are violated by entangled states and reveal 
quantum correlations. Up to date, all experiments with 
light and matter suffered from either of the two loopholes: 
locality and detection [J] . The former is closed easily for 
photons with the use of fast switching polarizers. The 
latter however, remains an open problem, due to ineffi- 
cient photon detection. It results in discarding some of 
the experimental data, i.e. postsclcction and unjustified 
assumption of fair data sampling. 

Recently, macroscopically populated entangled states 
of light became available experimentally. Two kinds of 
them have been reported: the micro-macro polarization 
singlet state, where a multi-photon qubit is entangled 
with a single photon [5|, and entangled bright squeezed 
vacuum, macroscopic analogs of two-photon polarization 
Bell states p . These states give hope to close the detec- 
tion loophole and thus, they posed an important question 
of possibility of performing loophole free Bell test 0, Q ■ 
Based on discussions in |f| Q , in Ref. @ we emphasized 
the necessity of preselection for the macroscopic states 
in Bell tests (to improve distinguishability of the multi- 
photon qubit in analog detection |l0() however, without 
giving an example to s upp ort our claim. Moreover, later 
the considerations in [1J| showed that all so far tested 
preselections are not useful for increasing the distiguisha- 
bility of the micro-macro polarization singlet and analog 
detection. 



Here, we examine a loophole- free CHSH-Bcll inequality 
test with preselected unsymmetrical polarization singlet 
states of light of general form. We explicitly show an 
example of preselection scheme which allows to improve 
violation of the CHSH inequality with the micro-macro 
polarization singlet produced by the optimal quantum 
cloning. 

In the unsymmetrical singlets under consideration, one 
of the modes is occupied by a single photon (the micro- 
qubit), whereas the second one contains a pair of mu- 
tually orthogonal multi-photon states (the multi-photon 
qubit). We assume that the average photon number in 
the multi-photon qubit can be controlled by some exter- 
nal parameter in an experimental setup, and it may vary 
from a single photon to the macroscopic quantity of thou- 
sands of photons. Furthermore, we consider a Bell test 
based only on linear optical elements. The unsymmetri- 
cal singlet is prepared before the test by a special filter- 
ing procedure applied to the mode containing the multi- 
photon state. The filter is described by a POVM (pos- 
itive operator valued measure). For example, it ma y b e 
realized by the modulus of intensity difference filter [12| ■ 
Although similar filters are believed not to be applica- 
ble for preselection [ll| , we find the modulus of intensity 
difference filter to be useful for this purpose. Filtering 
belongs to the conditional state preparation, not to the 
test. Only if the state is successfully preselected, the Bell 
test is performed where every measurement outcome is 
conclusive and is taken into account. This eliminates the 
necessity of data postselection and closes the detection 
loophole. 

This paper is organized as follows. In Section [TTJ we 
discuss a general scenario of the CHSH-Bcll inequality 
test with preselection strategy for an unsymmetrical sin- 
glet. Section Mil is devoted to a short summary of the 
experimentally available unsymmetrical polarization sin- 
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FIG. 1: Bell inequality test with unsymmetrical singlet state 
of light with preselection strategy. 



glets of light. We further discuss the CHSH inequality 
violation for these states preselected by the special case 
of the filtering, namely the corner filter, in Section IIVI 
Finally, we discuss the possible future steps towards the 
genuine loophole- free Bell test. 



II. CHSH-BELL TEST WITH PRESELECTION 

The Bell inequality test with an unsymmetrical singlet 
state and intensity measurements has to use a preselec- 
tion strategy [3, LL(| . We call the singlet unsymmetrical if 
the dimensions of the Hilbert spaces corresponding to its 
modes are unequal. Let us start our discussion with the 
two-mode unsymmetrical polarization singlet state of a 
general form 



|*-> = 1/^2(11^1*)* - |1„J a |$)b) 



(1) 



and an arbitrary preselection strategy executed by a 
POVM V . The states jl^,) and \\ Vi ) denote the micro- 
qubit, e.g. a single photon in polarization ip and tp± re- 
spectively, whereas |$) and |$) are multi- photon states 
which constitute the multi-photon qubit. Of course, 
the two states of the qubits are pairwise orthogonal 

(MW = o, (*|i) = o. 

The setup for the Bell test is depicted in Fig. [TJ The 
multi-photon part of the state (mode B) impinges on a 
beam splitter (BS) with a low reflectivity r, e.g. 10%, 
which taps only a small fraction of the state leaving it 
almost unaffected. Next, the preselection is performed 
on the reflected part: it is filtered by the POVM V and 
the result is feed forwarded to the transmitted beam. 
This procedure belongs to the conditional state prepara- 
tion before the test. After the successful preselection, the 
Bell test consists of polarization rotations, by angles a, 
a' on mode A and (3, /?' on mode B, and intensity mea- 
surements of polarization components of both modes. 

In general, the operator V may suffer from lack of the 
rotational invariance being an important property of the 
original singlet and thus, the form of the preselected state 
may be basis dependent. For example, for the modulus 
of intensity difference filter it is known that it improves 
the distinguishability of a multi-photon state for a mea- 
surement in one polarization basis but deteriorates for 
measurements in other polarization bases. Thus, such 



filtering strategies are believed to be useless for prese- 
lection [ll|. This problem arises if the usual settings 
for the CHSH-Bell inequality are considered: a = tt/4, 
a' = — 7r/4, /3 = 0, (3' = ir/2. However, it does not need 
to be the case if nonorthogonal polarization directions in 
measurements are chosen, at the expense of lower Bell 
inequality violation. Moreover, the distinguishability is 
not the only factor contributing to the Bell parameter. 
We will show that in fact, for a wise choice of the rotation 
angles distinguishability measured in the basis unbiased 
with respect to the basis in which we write the original 
superposition does not contribute. 

We consider the CHSH inequality with Bell parameter 

B = E(a, (3) + E(a, /3') + E{a' , p) - E(a',/3') (2) 

and E(a,j3) = {0^ m \a) <g> 0^ M \f3)) is the correlation 
function where one observer, Alice, measures the micro- 
scopic part (mode A) and the other, Bob, measures the 
multi-photon part of the singlet (mode B). We assume 
the ideal measurement operator O^ m \o) = |1 Q )(1 Q | — 
\^a ± )(^a ± | for the microscopic qubit, while for the multi- 
photon one we take the binary threshold detection op- 
erator 0^ M \P) adapted to the preselection strategy V. 
The value +1 (—1) is assign to this observable when the 
state |$) (|$)) is identified. Rotating the polarization of 
the microscopic part by an angle a yields 



lb 



cos(a/2)|l) +sin(a/2)|lj.), 
-sin(a/2)|l)+cos(a/2)|lj.) 



which allows expressing the micro observable in terms of 
the projectors in the reference basis ip = 

O^(a)=c0Ba(|l>(l|-|U)<U|) (3) 

+ sina(|l)<ljj + |lj_><l|). 

After short algebra, we obtain the correlation function 
for the state in Eq. (Q]) 



E(a,j3) = -cosaV (/3) -smaA e (P), 



(4) 



where V e (f3) = ($ 9 |0( M )(/3)|$ e ) is called the visibility 
and A 6 ((3) = ($ e |0( M )(/3)|$ e ) is denoted as the antivis- 
ibility of the state $ preselected in the polarization basis 
and observed in the polarization basis (3. In this deriva- 
tion we took that F_f(/3) = {¥\0^ M \p)\^ e ) = -V e {P) 
and that A e ((3) is real- valued. The antivisibility quan- 
tifies the ability of the observable 0^ M \j3) to erase the 
information on which state of \<bg) or |$e) entered the 
detector. We obtain a general formula for the Bell pa- 
rameter after inserting Eq. (0} into Eq. @ 

B = - cosa{V e (l3) + V e {P')) - sin a (A e (/3) + A e {(3')) 
- cose/ (V e (P) - V e {(3')) - sina' {A e {(3) - A e {P')). 

We further optimize the Bell parameter with respect 
to the rotations on mode A and B by choosing = 0, 
a' = -a, /3' = P + tt/2, sec Fig. [2] We get 

B opt = -2 cos a V(J3) - 2 sin a A((3 + tt/2). 
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FIG. 2: The usual (red and blue) and optimal (red and black) 
angle settings for CHSH inequality test. 



Next, to get its maximal value we look for the a which 
fulfills the condition of the extremum d a B opt = and 
find 



cos a = ^V 2 (P)/(V 2 (f3)+A 2 (P + 7 r/2)), (5) 

sin a = ^A*{(3 + k/2)/(V 2 (/3) + A 2 (/3 + tt/2)). 

Additionally, we chose (3 = and obtain 



B opt = 2^ 2 (0)+A2(tt/2). 



(6) 



The final form of the Bell parameter depends on two 
factors: the visibility V(0) = V measured in the ref- 
erence basis and the antivisibility A(ir/2) = A mea- 
sured in the basis unbiased with respect to the refer- 
ence one. This holds true for any preselection strat- 
egy and any unsymmetrical singlet state of the form of 
Eq. ([TJ. A violation of Bell's inequality is obtained if 
V 2 (0) + A 2 (tt/2) > 1. The non-orthogonal choice for the 
measurement settings on the micro side, Eq. ([5]), indi- 
cates that the unsymmetrical singlet after preselection 
loses the phase-covariant symmetry, and the best corre- 
lations are observed when measuring both modes in the 
f3 = basis. If instead of taking the preselected un- 
symmetrical multi-photon singlet we will take the usual 
two-photon singlet, so that there will be a single photon 
in mode B, we will obtain V(0) = A(ir/2) = 1 which 
gives a = 7r/4. Thus, we will restore the usual CHSH 
orthogonal settings. The result in Eq. (JS|) can be eas- 
ily generalized for V[ (/?) ^ -V 9 (J3) and complex A 6 '(/?): 
■o P t = y/(V ± (0) - V(0)) 2 + (A(n/2) + A*(ir/2))i. 



B 



III. EXAMPLE: UNSYMMETRICAL 

POLARIZATION SINGLET STATES OF LIGHT 

EMERGING FROM PHASE-COVARIANT 

QUANTUM CLONER 

In this section we will discuss a specific example of the 
experimentally available unsymmetrical polarization sin- 
glet states of light. They are produced in the process 
of the phase-covariant optimal quantum cloning. It is 



based on phase sensitive parametric amplification [Ta - 
[l5[ and requires a pair of linearly polarized photons in 
a standard singlet state, obtained through parametric 
down conversion, as input. The seeding single photon 
is coherently amplified to produce a multi-photon state, 
by an intensely pumped high gain g nonlinear medium 
(the doner). The equatorial states of the Poincare sphere 
of all polarization states, parametrized by the polar an- 
gle ip £ (0,2-71"), are privileged for the phase-covariant 
doners, since only for this subspace their Hamiltonian 

H = ^ (al, + aL ± ) + h.c. is rotationally invariant 

and they work equally well for all of them. The op- 
erators a^ and a[p ± denote the creation operators for 
the equatorial polarization modes ip and ip±, respec- 
tively and x is the coupling strength, proportional to 
the pumping power. We restrict ourselves to the equa- 
torial polarization state subspace for the seeding pho- 
ton. The subspace basis is set by two states, \l v ) = 
1/V2(|lff) + e %v \lv)) and its orthogonal counterpart 
|lpj_), where \k H ) (\ly)) denote k (I) photons polarized 
horizontally (vertically) and (p± = ip + n. Due to its ro- 
tational invariance, we express the initial singlet in this 
basis |^-) = 1/v / 2(I 1 ¥'}a|1 ¥J x>b-| 1 * J x)^I 1 v}b)- Cloning 
is a unitary process and the original two-photon entan- 
glement is transferred to a unsymmetrical singlet with 



l $ >= I>«K^ + 1 )y"( 2 -?W> 



(7) 



i,i=0 



|$)= £ 7 «|(2jM2i + l)^>. 

i,i=0 



|$) are the amplified single photons, 
real-valued probability amplitude jij = 

In the ex- 



|$) and 
with the 

cosh" 2 g (tanh 5 /2) i+J y/(l + 2i)\(2j)\/i\/j\. 
periment, their average population varied from less than 
one up to 10 4 of photons, depending on the parametric 
gain g. Due to different parity of occupation number in 
the Fock state basis, |$) and |$) arc orthogonal. How- 
ever, in high photon number reg ime photon detectors are 
not single photon resolving [15| and distinguishability of 
the multi-photon states is quite low, making them inap- 
plicable for quantum protocols and Bell inequality test. 
Distinguishability of the multi-photon qubit can be im- 
proved by quantum state filtering performed by certain 
POVM filters. They modify the state but preserve quan- 
tum superpositions. Recently, such a filter has been pro- 
posed [l2J : the modulus of intensity difference filter se- 
lects two-mode states of light whose mode populations 
differ by more than a certain threshold 6th- It estimates 
the absolute value of difference instead of the difference. 
It does not provide any information on which polariza- 
tion mode was more populated and thus, it is not able 
to distinguish the multi-photon states and preserves su- 
perpositions. It performs almost a nondestructive mea- 
surement implemented by the tapping and feed forward 
loop, i.e. the filtered output state is almost pure. Quali- 



tativcly, it approximates the following operation 



pmdf = 53imxmi> 



(8) 



k,l=0 

\k-l\>8 th 



where \k, I) is a polarization two mode Fock state. Its 
physical implementation and action on a multi-photon 
states is examined in detail in [121 ] . In fact, the sug- 
gested physical implementation of the modulus of inten- 
sity difference filter allows to impose an arbitrary filtering 
condition on combination of the sum a = k + I and the 
difference A = fc — / of photon occupations in the two 
polarization modes. 



IV. CHSH-BELL TEST FOR THE 

UNSYMMETRICAL POLARIZATION SINGLET 

EMERGING FROM PHASE-COVARIANT 

QUANTUM CLONER 

In order to investigate the Bell inequality violation for 
the unsymmetrical singlet described in Section III, we 
re-write the multi-photon states given in Eq. ([7]) as su- 
perpositions of states of a fixed photon number 2fc + 1 
distributed over the two polarization modes 

oo , 

|$> = £/3 fc |$ fc ), |$ fe ) = i (at 2 + a{ 2 ) at |0), 



fe=0 



(9) 



k 

|<§) = £>I*L*>. |* ±fc ) - ^ (at 2 + a{ 2 ) a{ |0), 



fe=0 



where we took ip — 0, A4 = 4 fc fc! 2 (1 + k), 

[3 k = cosh -2 .g (tanho)* a/1 + fc (10) 

and££Lo^ = 1 - 

A. No preselection 

Since the states are given by a convex sum of differ- 
ent photon number sectors, we note that the visibility, 
the antivisibility and the Bell parameter can also be ex- 
pressed in this form 



V 



: ]T/3 2 \4, A=Y,PtA k , B=J2tiB k , (11) 



k=0 



fe=0 



fc=0 



with B k = 2y (Vk) + {A k ) . Here, the sum components 
V k , A k and B k are the visibility, antivisibility and the Bell 
parameter computed for the photon number sector \& k ) 
and |$j_fe). This observation significantly simplifies the 
analysis of the multi-photon states. In the following sub- 
section, we will show that the decomposition in Eq. (|11[) 



holds true also in case of preselected multi-photon qubits. 
In order to analyze the difficulties with Bell inequality vi- 
olation we adapt the following observable 



/ 



o iM Hp) 



\ 



E-E 

■ fc.Z=0 k,l=0 . 
\k-l>0 k-l<0/ 



\kp,l/3 ± )(kp,lp 1 



(12) 



(-1) 9 



It is well-suited to the photon number distribution of the 
multi-photon qubit in Eq. (JT]): |$) and |<f>) have unequal 
average population in the two polarization modes. This 
property allows to distinguish these states in analog de- 
tection. The visibility and antivisibility evaluated for this 
observable equal 

k /fc\ 2 
Vk =JT k E ■ ) & + !) ! ( 2k ~ 2 J)! sgn(4j + 1 - 2k), 

(13) 

k 2j + l 2k-2j k 2j' 2/C+1-2/ 

^-i^EE EEE E (i4) 

j=0 p=0 q=0 j'=op'=0 q'=0 

'fc\ (2i + 1\ (2k - 2? N 
(p + q)\(2k + l-p- q)\ sgn(2(p + a) - 2fc - 1) 

In Fig. [3] we depicted the visibility, the antivisibility 
and the Bell parameter for each 2fc + 1-photon-numbcr 
sector separately. We note that V k and A k both quickly 
tend to the value less than l/\/2 for all k and the Bell 
parameter B k drops below 2 for k > 3. The probability 
distribution /3 2 depends on the amplification gain g and 
it gives a weight to each B k contributing to the Bell pa- 
rameter B. Since the greatest weight is given to the small 
values of k, see Fig. 0] it is possible to weakly violate the 
CHSH-Bell inequality for a very small average photon 
population, so for very small g. Note that the considered 
state approaches the Bell singlet state in the limit g —> 0. 
For g = 0.8B = 2.06, but for g = 1.1 we found B = 2.01. 
Thus, Bell inequality violation for the multi-photon un- 
symmetrical singlet with the multi-photon qubit given in 
Eq. and the population of already few photons on 
average, is impossible. 



B. General preselection strategy 

A preselection strategy described by a POVM of the 
form 



Vq = ^2 \n,m)(n,m\, 



(15) 



n,T7i— 
C((J— n+m, A— n—m) 



with a general preselection condition on a and A, in- 
significantly influences the form of the convex sum in 



V k ,A k 
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FIG. 3: Plot of the visibility V/t, antivisibility A k (top figure) 
and the Bell parameter B^ (bottom figure) given in Eq. (|11|) 
computed as a function of k corresponding to (2k + l)th pho- 
ton number sector of the multi-photon states with no prese- 
lection (|$ fc ) and |*±fc)). 
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FIG. 4: Plot of 0i defined in Eq. ((ID) for a = 0.8 (dot) and 
g = 1.1 (cross). 
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where 7V P (Eq. |2"0|) is the new normalization con- 
stant and /3 P (Eq. ((23)) ) is the new probability am- 
plitude in the decomposition of the states into the 
fixed-number-of-photons sectors. The straightforward 
calculation shows that the visibility equals V p = 

and antivisibility 



v k p 



(#)' K with v p 



(^|ow(o)|^) =E^oW 

A p = ($ p |0( M )(f)|$ p ) = £ 

given by Eq. (|13[) and A P given by Eq. (|14p where X) 7 =o 

is replaced with X) 7 =oc(c 

Efe 
j=0;C(«r=2fc+l,A=4j' — 1— 2fc) 

stant 7Vfc with A/" p . For these quantities the Bell param- 
eter keeps its previous form B = YlT=o \Pk) ^k w ^h 



i'= 



with 



=2fc+l,A=4j"+l-2fe)' £-,j'=G 

and the normalization con- 



B£ = 2 



y k p ) 



w 



C. Example: the corner filter 

We will examine now the preselection procedure V+ for 
the following preselection condition C(u, A): a — 8 th < 
|A|, where 8th is a threshold. This condition means that 
those components of the multi-photon superpositions are 
selected, whose polarization modes population difference 
is higher than the population sum reduced by 8th- It 
is clear that the filtering is most restrictive if 8th = 0. 
Here | A| = a and the NOON- like components are filtered 
out from the polarization singlet. The case of 8th ~> oo 
corresponds to no filtering since < |A| is always ful- 
filled. We call this kind of filtering the corner filter, since 
the analysis of the modification of a state in terms of 
its photon number distribution shows that the filter pre- 
serves these components of a superposition which belong 
to the region in the shape of a corner. Photon number 
distributions for the original multi-photon states and for 
the ones preselected with the corner filter are depicted in 
Fig.O 

Fig. [6] depicts the visibility V p , antivisibility A P and 
Bell parameter B P evaluated for the preselected with the 
corner filter multi-photon states with threshold values 
8 t h = (dots) and 8th = 2 (crosses). For 8th — the 
states |$ p ) and |$ p ) become superpositions of |2i+l, 0j_) 
and |0, (2i+ l)j_) states respectively, with varying i. The 
preselected polarization singlet from Eq. ([1]) takes the 
new form of a superposition of polarization NUN states 
with odd N 



which the Bell parameter is expressed in Eq (|11[) . The 
detailed calculations are presented in Appendix A. As- 
suming that the condition C(<r, A) is symmetric, i.e. 
C(cr, A) = C(cr, —A), we show that the preselection mod- 
ifies both multi-photon states in the same way 



l*£> 



p c |* fc >, |*£> = 



•Pc|*k>, (16) 



1*1 



i=0 



(2i+r 



-LB 



II 



_)a|2* + 1>b), (17) 



where N = 2i + 1 and 7;o = ycosh g~/2'jio- In this case, 
V p gets its maximal value 1 for all k. However, A P 
decreases to for large k. Thus, we still see decreasing 
tendency for the B P with increasing k, but after preselec- 



tion B P > 2 for all k. 



Thus, for all g the Bell parameter 




FIG. 5: Photon number distribution of multi-photon states 



(a) |$), (b) |<E>) before and after preselection (d) |$ 



1*0 



with the corner filter. Action of the filter in the photon num- 
ber space is shown in (c): only the components of filtered 
superposition which belong to the blue area are preserved. 



exceeds the classical value. For g = 0.8 B = 2.44. Since 
P P keeps its maximum at k = 0, the violation decreases 
and asymptotically B — > 2 for increasing g. 

For 5th — 2 in turn, the states |$ p ) and \& p ) are su- 
perpositions not only of \2i + 1, 0j_) and |0, (2z + l)j_) so 
NOONs with odd TV, but also include terms like |1, (2j)±) 
and \2j,l±), i.e. superpositions of NUN states with 
even N. The antivisibility decreases slower with k how- 
ever, but the visibility achieves its maximum value only 
for large k. Thus, we obtain smaller value for the Bell 
parameter. For g — 0.8 B = 2.13. 



V. CONCLUSIONS 

We have discussed a possibility of performing a loop- 
hole free Bell test with the use of multi-photon quan- 
tum states of light and preselection. For this purpose, 
we examined the CHSH inequality and exemplary un- 
symmetrical polarization singlet state with the multi- 
photon states produced in optimal phase covariant quan- 
tum cloning. Our work is a proof-of-principlc: we show 
that it is possible to apply a feasible quantum state en- 
gineering to multi-photon states and in this way to over- 
come the problem of inefficient analog detection and vi- 
olate the classical bound. The quantum engineering is 
performed by a POVM, which prepares the states to the 
test. It belongs to the conditional state preparation, not 
to the test. The exact form of the POVM should be 
adapted to the states entering the test. For the states 
we discussed, the corner filter is a good choice. It filters 
out the NOON-like components from the initial superpo- 
sitions. 

We do not claim that the discussed multi-photon states 
and the CHSH Bell inequality are the best strategy for 
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FIG. 6: Plot of the visibility V p (top figure), antivisibility 
A p (middle figure), and the Bell parameter B P (bottom fig- 
ure) computed as a function of k corresponding to (2k + l)th 
photon number sector of the preselected multi-photon states 
(|$fe) and |$xfe)) w hh the corner filter for 5 = (dot) and 
For g = 0.8 and 5 = total B = 2.44, whereas 



3 = 2 (cross). 
for 5 = 2 B = 



2.13. 



obtaining the loophole free violation. We believe how- 
ever, that the technique of preselection we present here 
is worth exploring and may be useful in the context of 
Bell inequalities with analog detection. 

It is also worth noting that so far there is no proposal 
allowing for a genuine macroscopic violation of a Bell in- 
equality. From Figs. [3] and [S] it is clear that the photon 
number sectors which contribute to the violation most, 
come from the small photon numbers. The Bell parame- 
ter decreases with increasing photon number 2fc+l. This 
is a general tendency one observes also for the bright 
squeezed vacuum state and other Bell inequalities, with 



observables which are dichotomic or not. Indeed, the pre- 
selection helps to increase the values of B for all k but 
the question what is the observable which will reverse 
the decreasing trend presented in these figures, so that 
the high photon numbers were contributing to violation 
most, remains open. 
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Appendix A 

The preselection modifies the sectors of the fixed pho- 
ton number states in the following way 



Let's change the variable j to j' in A/jf , so f = k — j 
(j = k — j'). The sum over j' remains from to k. 



K P = E Llj,) (2(A-j , ))!(2* + l-2(*-i'))l 

j'=o 

C(a=2k+l,A=4(k-j')-2k-l) 
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i'=o 
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(19) 



C(<7=2fc+l,A=4j-l-2A;) 

|2j,2fc + l-2j), 
with normalization constants equal 



Assuming that C(cr, A) is symmetric with respect to A, 
we got C(cr = 2k + 1, A = -(4j + 1 - 2fc)) = C(ct = 
2k + 1, A = 4j + 1 - 2fc), so A/jf = AAf and therefore 
A" = A/" and /3f = /3f . 

Visibility takes the form 



V P = £ )8f/3f(*f|O w (0)|*f) 
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The multi-photon states equal 
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with 



= t^ V (^ (2j + l)!(2*-2j)!sgn(4j + l-2*). 
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We note that the form of V p simplifies due to the or- 
thogonality condition 

(2/ + 1, 2k' - 2j'\h, m) (h, rh\2j + l,2k- 2j) 

I 
j=f,k = k'. 

Similar considerations (see below) allow to show that the 



(31) 



antivisibility equals 

oo 

a p = E flT#<*£|o<*)(f)|* 

fc,fc'=0 

=E/3f«r<*fio (J °(5)i»f) 

fc 
oo 



In order to evaluate the mean value of the observable 
q{M)^ttj ex p ressec i m the basis complementary to the 
reference basis where the multi-photon states are given 



K) 



v j=0 KJ 

C(o-=2fe+l,A=4j+l-2fe) 



k\ f 2j + l _ + 2fe-2j . . 

1 a' a' |0), 



we perform transformation of the annihilation operators 
which corresponds to polarization rotation 
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The operators a^ and a* correspond to the reference basis 
whereas al and a^ correspond the the basis rotated by 
angle 7. The rotation amounts to 

t 2j+l _|2fc-2j _ « + Sj ( a 7 ~ n 7 ) 
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Due to the orthogonality of Fock states, A p takes the 
form of a convex sum 
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The multi-photon states expressed in the complementary 
basis are as follows 



The Bell parameter takes the form 
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